Abstract. Let G be an abelian group and let K be a field of charK = p > 0. It is shown via a universal algorithm that if the modified Direct-Factor Problem holds, then the K-isomorphism KH ∼ = KG for some group H yields H ∼
Introduction
In 1979, Warren May in [11] asked if a p-torsion abelian group being closed (in other words, torsion-complete) is an invariant property for the commutative group algebra of this group over an arbitrary field with characteristic p. We gave a partial answer in [2, 4] to this problem by restricting the field to have cardinality p and the group to have cardinality less than or equal to the first uncountable cardinal ℵ 1 (actually, we have established stronger affirmations). Here we shall develop our mixed algebraic-topological technique which generalizes the above-cited fact for a field with characteristic p of arbitrary power and which gives new perspectives for an investigation of a dual class of abelian groups called algebraically compact groups. For this purpose we first formulate the following well-known and long-standing question, namely Modified Direct-Factor Problem. For G an abelian group and K a perfect field with charK = p > 0 is it true that S(KG)/G p is totally projective? As a consequence, is V (KG)/G then totally projective whenever G is p-mixed?
In [5] we have proved (about this see also [1] ) that the Direct-Factor Problem is valid in the case when G is a direct sum of closed p-groups or is a direct sum of p-local algebraically compact groups; the complementary factors are not described.
Main result
We come now to the main goal that motivates this article, namely 
where V (KG)/G must be totally projective. On the other hand the separability of G trivially yields that V (KG) is so, hence the same is valid for V (KG)/G as a "subgroup". Therefore from [9] , V (KG)/G is a direct sum of cyclics and hence according to [10] , H is itself semi-closed as a direct factor of the semi-closed V (KG). Thus, we can write H = T × C, where T is closed and C is a direct sum of cyclics. But C may be represented as a countable ascending union of pure and bounded subgroups, i.e. in other words we write C = n C n , C n ⊆ C n+1 are pure in C and C p n n = 1. Consequently, we derive H = n H n , where
Now, we select a special sequence (g n ) ∈ G with the properties:
and order(c
sn ) are not "a priori" bounded however. Now, we make the following choice: h
for some natural number m n and each integer L ≥ 0 where a
Evidently, the choice of such a sequence is possible only when such s n ≥ 3 exists. If so, we observe further that Kulikov's criterion ( [9] , p. 38, Theorem 70.7) implies (g n ) converges to an element of G. Certainly the boundary is of the form f 1 b
(j) t = 1 for a fixed t ∈ N and a fixed j ∈ N License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use so that b
for every k ≥ 1 and every n ≥ k, the above representation of G as a special countable union of groups yields a fixed element 1 = c (j) ∈ C j and some c
for every positive integer n > j. The same procedure works and for the other nonidentity elements of C j from the boundary. Consequently C must be bounded. That is, by [9] , H must be closed, as claimed. Now if each bounded Cauchy sequence (g n ) in G is represented as g n = α n h n = h n where 1 = α n ∈ K and h n ∈ H or g n = α
2 ∈ H, then it follows that every bounded Cauchy sequence of H is also of the two types presented and thus it holds obviously that an arbitrary restricted Cauchy sequence in H possesses a stabilization in H for almost all natural numbers, i.e. it is convergent in H. Furthermore, the above-mentioned Kulikov's theorem implies that H is itself closed, as stated.
Finally, in all cases, G ∼ = H because the group Ulm-Kaplansky functions are invariants of the commutative modular group algebra (cf. [11] ) and determine up to an isomorphism the closed p-groups (see for example [9] or [11] ).
Case 2. G is p-local algebraically compact. By [3] , we may assume that G and H are reduced, and the p-locality of H follows trivially. Moreover applying the Modified Direct-Factor Conjecture we deduce as above that
But G algebraically compact does imply that G p is separable (see [9] ) whence the same is true for S(F G)/G p ∼ = V (F G)/G owing to the fact that G p is nice in S(F G) (for instance see [2, 12] ). Consequently V (F G)/G is a direct sum of p-cyclics. Thus by similar arguments to [10] , H can be written as H = A × C, where A is p-local algebraically compact and C is a direct sum of p-cyclics. That is why analogous to the above C = n C n , C n ⊆ C n+1 are pure in C and C
After this, choose the same special sequence (g n ) defined as in Case 1 with the exception that g n need not be bounded. Complying with the Kaplansky criterion ( [9] , p. 191, Theorem 39.1) we may derive that (g n ) is convergent to an element of G. In the spirit of the situation of similar reasons as above, C must be bounded. Finally we can conclude that H is algebraically compact p-local too (see [9] ), and thus from an application of [3] it follows that G and H are isomorphic, as well. The proof is finished after all.
Applications
The first actual consequence of the major theorem is the following assertion announced in [7, 8] .
Corollary. Let G be a closed abelian p-group and let K be a field with charK = p = 0. Then for some group H it is true that KH ∼ = KG as K-algebras if and only if H ∼ = G.
Proof. Since length(G) = length(H) ≤ ω, the proof follows automatically by combining the main result in [6] concerning the Direct-Factor Conjecture along with our Central Theorem.
Remark. The attainment above completely solves a problem of May [11] posed in these Proceedings in 1979.
In this direction, we can formulate and prove Corollary. Let G be an algebraically compact p-local abelian group and let K be a field of charK = p = 0 both with powers at most ℵ 1 . Then for some group H it is valid that KH ∼ = KG as K-algebras if and only if H ∼ = G.
Proof. Since |G| = |H| ≤ ℵ 1 and length(G p ) = length(H p ) ≤ ω, by employing our Direct-Factor Theorem in [4] plus the Central Theorem argued above we are done.
The following commentary is valuable.
Remark. An example of a closed p-group with power ℵ 1 is given by us in [2] provided that the Continuum Hypothesis holds. By the same token we may construct an abelian closed p-primary group of arbitrary cardinality ℵ α where α is any ordinal. Besides, the above corollaries were proved in [2, 4] where K is only the field of pelements (i.e. the simple hence finite field in characteristic p) and G is of cardinality ℵ 1 , but using an algebraic technique and more especially the so-called back-andforth method together with the Direct-Factor Conjecture.
A problem of some interest and importance in abelian group theory is to determine the criterion illustrated when one countable ascending union of abelian groups can be a closed p-group or a p-mixed algebraically compact group, respectively. Such a necessary and sufficient condition will be useful for another new and elegant proof of the Central Theorem.
